
COMOMOLOGY & BASE CHANG:
Recall:
Theorem (Grotherdeick):f:xey proper ofnoetheia, Y:SpecA, f coherentan X
flatover 4. Thereexistsa fin. Complex R. of fingen. proj. A-modules and isomorphism
offunctors, HP(X xy SpecB, FXAB) HPIK.QAB) in category ofA-alg.

Base change theorems:

XX g*RPfEl-RPflg*F): By adjunction g'* +g we have id - gog'*1

flb,"bf =>RPf*TRYfAgg'*
4-7 Grothendeich spectral sequence:(RPf*10(RYqb)(A) =RP+4 (f*0gx)(Al.I

MISSING NOES.

Corollary:f:X-Y as in theorem above (don'tassume y affine) and Y is reduced+connected.

*pFAE,
(2) Yzy 1- dimalysHP(Xy,Fy) where Xy =x xy Speckly), Fy=FQ,kly), is constantby.
12) RPf*F locally free and RPf*FQoyKlyl -> HPXy,Fy).
If one ofthese conditions are satisfied, we also have RP-f*FQ,kyl -o HP*(Xy,Fy).

Proof:121-111 RPFAF =3, is locally free -> of constantrenter. Take yet,
Exhlyl=HPIXy,Fyl Grand yeY, EivE OYIv =diebuy,HPLXy,Fyl=dimbry, EivxhLy)
-Temma:Y reduced, Fch.on4 dimmingsFQoykly)=rVyzY ZFloc. free ofrenbr.
Proof:Y:SpecA, letus take yeY= Fy finger module by coherence and

dimey,Fyxkly)=r, we take generators on,or try lifting tothegenerators of
Fylly). O., -, or can be extended on a small neigh. Voty.

=> z0:Opl -> FIV and by is surjective -> Cobrloly =0 -> I some neigh. Vst
coleroi =0 -> 0 is surjective (up torestricting). Wanttoshow -inj., let2=kerlot.

notice that

Oy, xkly'):04,y, *Klyil -> Fy,xKly'l FyiEV is an isomorphism as surfection of
vec, spaces ofsame (finitel dimension. We can conclude thattry. My, Dy inclusion

Fy'EV. Recall thatV=SpecB reduced -> Breduced ring. If y'Gorresponds top-prime
ideal, 2Mp(pp). BP XpeSpecB -> mp =0. -2y1=0. B

Lemma:Y reduced, noeth, affine. F .2 morphism ofloc free coherentsheaves on4.
If dim (Im)0xklyll is locally const. EF=F,PF, 2 =2,022 with4=[8isgu].
Proof:F 2-2/PIF+D, we want2/P(F) tobe be free.
We now dim(Im)PXkyIll is locally const. as -oklyl is rightexact,
FQKry) - 2 xty1 ->2/PLF1*ky1 - 0 -2/PLF1@Gyl= 2*Gy1/Im1PQty11.

=>C/PIFI is locally free.

Let MY,F1 =M,47,21 =N, MAIN- NIPM) - O and NIPIM) projective.
consider theexactsequence O-PIMI GN+ N/PIM) -0 and N/PIMI is projective
-> splits - N =$(MI*N/PIM). Also PIM) is projective.
Thus O-KerPCSM+CPM) to also splits, M= kerd *PIM), N= PIM)*NDLMI.
These are thesoughtoutdecompositions. D

(1) =>(2) Firstpick Ko given by thetheorem, we can assure 7:SpecA and Kifree complex.
LetdY: KP- kP+,dP-1:KP-1-> hertdP). Wattosnow, dim(Im)d**Klyl) is loc. Constent
dimely, HPLXy,Fy)=dimker(dPxhyIl-dim ImIdP-'*kyll



-ixxklyl -AndPxtlyll - IndP-1*tlyII).
constant should be locally constant

RP+- KP-> kP+

Il 1I

zP*Kp-1-BPAMpAKp' ->B***RpA, tesoring with QB,
...... ........ HP(KQAB1 =HPxB =HP(K) *B
is iSO

HP-(K.QAB) =HP- (K.QB.

RPFHPIX,FI, touse lemmal we wantdimany. (RPf***kly1l=dimacy, (HP(X,F1* Gryll
=dim(HP(K*ky1) =dim IHP1K kyll & use lemme 1. I

Testem:(SeesawThin):Xcompletevariety/tin xxY+Y closed, I voiety/l, 2 fine
bundle on XXT, T1=SttT:21xxsttrivial on xx1tT3. - TI is closed in T also 5 line
bundle Man is such thatp*M=2 wheep:XxT1+Ts.

Remark:If we have trivial line bundle MI on complete variety X,
=HoTX,M1>0 & holX, M1-1)>0, notethatX-complete -> HOX,0x1=b.
and for a tale sections of HO(X,M1), STHOLX, M1-1 & 0x8=4EHOX,Ox gives
an iso OXEM.

Proof:
xx 3t] is also completeT1 =StET, hoxxit), 21xx))>0 (1 /teT1ho(xxt,2ixxs+il> 07.
Recall:y- dimply, HP(Xy, Fyl is upper semi cant a tie dimHo(XxIt),21xx1th)

=>TI is closed, consider is withreduced scheme structure.
We wanttouse corollay:dimby,H01Xx3t7,21xx1+2)=dimary, H0(XxIt),0xx1+11 =1.
->constant ->RipxI locally free. (by temmed itis a fine bundlel.

We wanttoshow, M=p*2 i.e p*px2=2 by adjunction, 5p***L-2.
xXxT64 i*p*px2-21xxit2= /pil*px2+21xxit3
specklyin X - (jg*/px21 -21xx17 and (j9l**2q**2

=9*9x*2 - 21xx1t) -> 9*9*21xx17 -21xx17.
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